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Abstract:

The Inverse Galois Problem, initially formulated by Evariste Galois in the 19th century, aims
to understand the structural characteristics and representation of specific groups as Galois
groups over fields. This research paper provides a comprehensive analysis of the structural
properties and representation of groups that arise within the context of the Inverse Galois
Problem. By examining various approaches and techniques, we aim to elucidate the complexity
and underlying patterns within these groups.
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The Inverse Galois Problem (IGP) is one of the most challenging and intriguing problems in
mathematics. It revolves around the question of whether every finite group can be realized as
the Galois group of a Galois extension of some field. In other words, given a finite group G,
does there exist a field extension K such that the Galois group of K over its base field is
isomorphic to G? The IGP was first proposed by Emil Artin in 1927, and it has since captured
the attention of many mathematicians. The problem has connections to various branches of
mathematics, including algebraic number theory, algebraic geometry, and representation
theory. It also has important applications in other fields, such as cryptography and coding
theory.

Solving the IGP for a specific group G involves understanding the structural characteristics of
G and finding a suitable field extension that realizes G as its Galois group. This comprehensive
analysis of the problem requires investigating the representation theory of the group, studying
its subgroups and quotient groups, and exploring its automorphisms and other algebraic
properties.

One approach to studying the IGP is through the theory of solvable groups. A solvable group
is a group that can be built up from abelian groups by iteratively forming quotient groups. By
understanding the structure of solvable groups, one can gain insights into the solvability of the
IGP for certain classes of groups.

Another important aspect of the IGP is the role of field theory. The problem can be
reformulated in terms of field extensions and their Galois groups. Therefore, understanding the
properties of field extensions, such as normality, separability, and radical extensions, becomes
crucial in tackling the IGP.
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In recent years, significant progress has been made in solving the IGP for certain families of
groups. The use of computer algorithms and computational methods has played a vital role in
these advancements. By employing computational tools, mathematicians have been able to
search for suitable field extensions and construct explicit Galois extensions for specific groups.

In this comprehensive analysis, we will delve into the structural characteristics of groups
involved in the Inverse Galois Problem. We will explore the representation theory of these
groups, investigate their subgroups and quotient groups, and examine their automorphisms.
Additionally, we will discuss the role of field theory in solving the IGP and highlight the recent
advancements made in this field.

By gaining a deeper understanding of the structural characteristics and representation of
Inverse Galois Problem groups, we hope to contribute to the ongoing efforts in solving this
fundamental problem in mathematics.

Statement of the Inverse Galois Problem

The Inverse Galois Problem (IGP) can be stated as follows: Given a finite group G, does there
exist a field extension K such that the Galois group of K over its base field is isomorphic to G?

To understand the problem more precisely, let's break down the statement:

1. Finite Group G: The problem deals with finite groups, which are mathematical
structures consisting of a set of elements along with a binary operation (usually denoted
as multiplication) that satisfies certain properties, such as closure, associativity, identity
element, and inverse element. The group G can have various structural characteristics,
including its order (number of elements), subgroups, quotient groups, and
automorphisms.

2. Field Extension K: A field is a mathematical structure that generalizes the concept of
numbers, allowing for addition, subtraction, multiplication, and division. A field
extension occurs when one field (called the base field) is contained within another field
(called the extended field). In the context of the IGP, we are interested in finding a field
extension K such that its Galois group is isomorphic to the given group G.

3. Galois Group: The Galois group of a field extension K over its base field is a group
that captures the symmetries of the extension. It consists of automorphisms of K that
fix the elements of the base field. The Galois group provides important information
about the structure of the field extension and plays a fundamental role in various areas
of mathematics, such as Galois theory and algebraic number theory.

The Inverse Galois Problem asks whether for any given finite group G, there exists a field
extension K whose Galois group is isomorphic to G. In other words, can we find a field
extension that exhibits the same symmetries and structural properties as the given group? This
problem is challenging because it involves understanding the interplay between group theory
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and field theory and requires deep insights into the structural characteristics and representation
of groups.

Solving the Inverse Galois Problem would have significant implications for various areas of
mathematics, including algebraic number theory, algebraic geometry, and representation

theory.

It would provide a deeper understanding of the connection between groups and fields

and shed light on the possibilities of realizing different groups as Galois groups of suitable field
extensions.

Significance of studying the structural properties and representation of these groups

Studying the structural properties and representation of groups involved in the Inverse Galois
Problem (IGP) holds great significance in several ways:

1.

Understanding Group Theory: The analysis of structural properties and
representation of groups contributes to a deeper understanding of group theory, which
is a fundamental branch of mathematics. Group theory provides a powerful framework
for studying symmetry and mathematical structures, and its applications extend to
various fields beyond the IGP. By studying the groups involved in the IGP,
mathematicians can explore and develop new techniques, concepts, and theorems in
group theory.

Solvability of the Inverse Galois Problem: The structural characteristics and
representation theory of groups play a crucial role in determining the solvability of the
IGP. By investigating the subgroups, quotient groups, automorphisms, and other
algebraic properties of these groups, mathematicians can gain insights into their Galois
realizations. This analysis aids in formulating strategies and approaches to tackle the
IGP for specific classes of groups.

Classification and Taxonomy of Groups: The study of the structural properties and
representation of groups contributes to their classification and taxonomy.
Understanding the similarities and differences between various groups helps categorize
them into different classes and families. This classification is essential for identifying
patterns, formulating conjectures, and developing a systematic understanding of the
group structures, which can guide the search for Galois realizations in the IGP.
Connections to Other Areas of Mathematics: The groups involved in the IGP have
connections to various branches of mathematics. For example, the representation theory
of groups has applications in algebraic geometry, harmonic analysis, and quantum
mechanics. By studying the structural properties and representation of these groups,
mathematicians can establish connections and explore interactions with other areas of
mathematics, leading to new insights and interdisciplinary applications.

Algorithmic Approaches: The analysis of the structural properties of groups can
inform algorithmic approaches to solving the IGP. Computational methods and
computer algorithms play a significant role in searching for suitable field extensions
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and constructing explicit Galois extensions for specific groups. By understanding the
representation theory and structural characteristics of these groups, mathematicians can
design efficient algorithms and computational tools for solving the IGP.

6. Broadening Mathematical Knowledge: The study of the structural properties and
representation of groups in the IGP expands the body of mathematical knowledge. It
contributes to the development of new theorems, techniques, and concepts, which can
have implications beyond the IGP itself. Moreover, the exploration of these groups
fosters collaborations and exchanges among mathematicians, leading to the
advancement of mathematics as a whole.

Studying the structural properties and representation of groups involved in the IGP is
significant for deepening our understanding of group theory, determining the solvability of the
IGP, classifying groups, establishing connections to other areas of mathematics, developing
algorithmic approaches, and broadening the scope of mathematical knowledge.

2. Evariste Galois and the origin of the Inverse Galois Problem

Evariste Galois, a French mathematician born in 1811, played a significant role in the
development of algebra and laid the groundwork for the Inverse Galois Problem. Despite his
short life, Galois made remarkable contributions to mathematics, particularly in the field of
group theory and the theory of equations. Galois' work was motivated by his desire to
understand the solvability of polynomial equations by radicals. In his groundbreaking research,
he investigated the symmetries and structure of polynomial equations, focusing on their
associated permutation groups. Galois introduced the concept of a "group" as a mathematical
structure that captures the symmetries of a given object.

One of Galois' key insights was the connection between the solvability of polynomial equations
and the properties of their associated permutation groups. He established that a polynomial
equation is solvable by radicals if and only if its associated permutation group is solvable. This
result, now known as Galois' theorem, provided a deep connection between algebra and group
theory.

During his investigations, Galois also encountered the concept of field extensions, which are
essential for understanding the Inverse Galois Problem. He realized that to study the
symmetries of polynomial equations, it is necessary to consider extensions of the field of
rational numbers. Galois developed the theory of Galois extensions, which describes the
relationship between the roots of a polynomial equation and the symmetries of its associated
field extension.

Although Galois made significant advancements in understanding the solvability of polynomial
equations, his work also raised important questions about the Galois groups associated with
different equations. He posed the question of whether every finite group can be realized as the
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Galois group of a polynomial equation, giving birth to what is now known as the Inverse Galois
Problem.

Unfortunately, Galois' mathematical career was cut short due to his involvement in political
activities during the turbulent times of the French Revolution. He died tragically at the age of
20 in 1832, leaving behind a substantial body of mathematical work, including his seminal
contributions to group theory and the groundwork for the Inverse Galois Problem. In the years
following Galois' death, mathematicians picked up his ideas and continued to explore the
Inverse Galois Problem. Emil Artin, a prominent mathematician, formulated the problem more
explicitly in 1927, as mentioned in the introduction, and since then, mathematicians have made
progress in understanding the solvability of the IGP for certain groups and formulating
conjectures about its general solvability.

Evariste Galois' pioneering work not only laid the foundation for the theory of group theory
and Galois theory but also sparked the investigation of the Inverse Galois Problem. His ideas
continue to inspire mathematicians to this day, and his contributions have had a profound
impact on algebra and related fields.

3. Group theoretic properties of these groups
Classification of groups arising as Galois groups

The classification of groups arising as Galois groups of polynomial equations is an important
topic within the study of the Inverse Galois Problem. While a complete classification remains
an open question, significant progress has been made in understanding the possible groups that
can arise as Galois groups for certain families of equations. One notable result in the
classification of Galois groups is the Kronecker-Weber theorem, which establishes that the
Galois groups of all abelian extensions of the rational numbers (known as cyclotomic fields)
are abelian. This result provides a clear classification of Galois groups for a specific class of
equations and demonstrates that abelian groups are indeed realizable as Galois groups.

Another important class of equations that have been extensively studied are those with solvable
Galois groups. A solvable group is a group that can be built up from abelian groups by
iteratively forming quotient groups. The Inverse Galois Problem for solvable groups has been
partially resolved, with theorems such as the Shafarevich-Weil theorem and the Neukirch-
Uchida theorem providing conditions for the solvability of certain groups. In terms of specific
families of equations, several families have been extensively investigated, yielding important
insights into the possible Galois groups. For example, quadratic equations (polynomials of
degree 2) have Galois groups that are either cyclic of order 2 or trivial. Cubic equations
(polynomials of degree 3) have a rich variety of possible Galois groups, including the
symmetric group S3, the dihedral group D3, and several other groups. Quintic equations
(polynomials of degree 5) have a more complex classification, involving groups such as the
alternating group A5 and certain solvable groups.
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The classification of Galois groups becomes more challenging as the degree of the polynomial
equation increases. In fact, for polynomials of degree 5 or higher, there is no general formula
or algorithm to determine the Galois group. However, specific families of equations have been
studied extensively, such as the family of monomial equations, which have equations of the
form x™n - a = 0. These equations have Galois groups that can be described in terms of the
arithmetic properties of the coefficients a and the prime factors of n.

In recent years, computational methods and algorithms have played a crucial role in exploring
the possible Galois groups of polynomial equations. By using techniques such as the
computation of Galois groups, resolvent techniques, and numerical methods, mathematicians
have been able to determine the Galois groups for various families of equations, thereby
contributing to the classification of Galois groups. While a complete classification of groups
arising as Galois groups of polynomial equations remains an open question, significant
progress has been made in understanding the possible Galois groups for specific families of
equations. The classification involves studying the solvability of equations, the arithmetic
properties of coefficients, and the use of computational techniques. These investigations
contribute to the ongoing efforts to solve the Inverse Galois Problem and deepen our
understanding of the relationship between group theory and field theory.

Group Theory Properties

Suppose Dot (.) is an operation and G is the group, then the axioms of group theory are defined
as;

e Closure: If °x” and ‘y’ are two elements in a group, G, then x.y will also come into G.

e Associativity: If °X’, ‘y’ and ‘z’ are in group G, then x. (y.z) = (x.Yy) . z.

e Invertibility: For every ‘X’ in G, there exists some ‘v’ in G, such that; X.y =y . x.

e Identity: For any element ‘X’ in G, there exists an element ‘I’ in G, such that: x. | = 1.
X, where ‘I’ is called the identity element of G.

The most common example, which satisfies these axioms, is the addition of two integers, which
results in an integer itself. Hence, the closure property is satisfied. Also, the addition of integers
satisfies the associative property. There exists an identity element name as zero in the group,
which when added with any number, gives the original number. Also, for every integer, there
exists an inverse, in such a way, when they are added gives zero as a result. So, all the group
axioms are satisfied in the case of the addition operation of two integers.

Group Theory Axioms and Proof

Axiom 1: If G is a group that has a and b as its elements, such that a, b € G, then (a x b)?* =
a—l X b—l
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Proof:
To prove: (a x b) x b x al= 1, where I is the identity element of G.
Consider the L.H.S of the above equation, we have,
LHS=(axb)xb!xb?

=>ax (bxb?)xp?

=>a x | x a® (by associative axiom)

=> (a x I) x a’* (by identity axiom)

=ax al (by identity axiom)

= | (by identity axiom)

=R.H.S
Hence, proved.

Axiom 2: Ifinagroup G, ‘’, ‘’and ‘z’ are three elements such that x x y =z x y, then x
=z

Proof: Let us assume that x x y =z x y. (i)

Since ‘y’is an element of group G, this implies there exist some ‘a’ in G with identity element
I, such that;

y x a=1(ii)
On multiplying both sides of (i) by ‘a’ we get,
X X y Xa=zX y X a
X% (y x a) =1z x (y x a) (by associativity)

From eq.(ii);

ax|=cx1Jusing (ii)]

a = ¢ (by identity axiom)
This is also known as cancellation law.

Hence, proved.
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Group Theory Applications

The important applications of group theory are:

Since group theory is the study of symmetry, whenever an object or a system property
is invariant under the transformation, the object can be analyzed using group theory.
The algorithm to solve Rubik’s cube works based on group theory.

In Physics, the Lorentz group expresses the fundamental symmetry of many
fundamental laws of nature.

Subgroup

Let (G, *) be a group structure and let S be a subset of G then S is said to be a subgroup of G if
(S, *) is a group structure and if and only if it follows the properties given below.

(1) Binary Structure: ab €S for every a, b €S.

(2) Existence of Identity: Suppose e’ €S such that e’a = a = ae’ for all a €S.

(3) Existence of Inverse: For all a €S, there exists a—1 €S such that aa—1 = e = a—1a.

4.

Potential avenues for further research

The inverse Galois problem is a fundamental question in mathematics that asks whether every
finite group can be realized as a Galois group over some field extension. While the problem
remains unsolved in general, there have been significant advancements and insights into
understanding the structural characteristics and representation of groups that arise as solutions
to the inverse Galois problem. Here are some potential avenues for further research in this area:

1.

Constructive Approaches: Develop constructive methods for explicitly constructing
field extensions with prescribed Galois groups. This involves finding explicit
polynomials and equations that give rise to specific group structures. Some progress
has been made using techniques such as resolvents, explicit equations for Galois
extensions, and specialized algorithms.

Galois Realizations: Explore the existence and properties of Galois realizations for
specific groups or families of groups. Investigate whether certain families of groups are
more likely to have Galois realizations, and if so, what are the common characteristics
of these realizations. Understanding the patterns and structures behind Galois
realizations can provide valuable insights into the inverse Galois problem.
Parametrizations: Investigate parametrizations of Galois extensions and study their
connections to the inverse Galois problem. Develop techniques for constructing
families of field extensions parametrized by certain algebraic varieties or moduli
spaces. Understanding the geometric and algebraic properties of these parametrizations
can shed light on the representation of groups.
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4. Cohomological Approaches: Study the cohomological aspects of the inverse Galois
problem. Cohomology theory provides powerful tools for analyzing and understanding
group actions. Investigate the cohomology groups associated with various groups and
their relation to Galois extensions. Develop new cohomological techniques specific to
the inverse Galois problem.

5. Arithmetic Aspects: Investigate the arithmetic properties of Galois extensions and their
relation to the inverse Galois problem. Explore connections between number theory,
algebraic geometry, and the inverse Galois problem. Study the behavior of prime
numbers, arithmetic invariants, and arithmetic structures associated with Galois
extensions.

6. Computational Methods: Develop computational algorithms and tools for exploring the
inverse Galois problem. Implement and refine existing algorithms, such as the
constructive recognition algorithm and algorithms based on resolvents. Use
computational methods to study specific families of groups and their realizations, and
analyze the data to gain insights into the problem.

7. Connections to Other Areas: Explore connections between the inverse Galois problem
and other areas of mathematics, such as representation theory, modular forms, algebraic
topology, and algebraic combinatorics. Investigate how techniques and results from
these fields can be applied to the inverse Galois problem, and vice versa.

These avenues for further research offer a wide range of directions to explore in order to deepen
our understanding of the structural characteristics and representation of groups arising from the
inverse Galois problem. By combining theoretical, computational, and interdisciplinary
approaches, researchers can contribute to the ongoing efforts to solve this important problem
in mathematics.

5. Conclusion

The inverse Galois problem remains a challenging and open question in mathematics. While
significant progress has been made in understanding the structural characteristics and
representation of groups that arise as solutions to the problem, there is still much to explore.
Through constructive approaches, researchers can develop methods for explicitly constructing
field extensions with prescribed Galois groups. These approaches involve finding explicit
polynomials and equations that give rise to specific group structures, providing insights into
the realization of groups as Galois groups. Parametrizations and cohomological approaches
offer alternative perspectives to studying the inverse Galois problem. Parametrizations allow
for the exploration of families of field extensions parametrized by algebraic varieties or moduli
spaces, while cohomology theory provides powerful tools for analyzing group actions and their
connection to Galois extensions.

The arithmetic aspects of the inverse Galois problem involve investigating the arithmetic
properties of Galois extensions and their relation to number theory, algebraic geometry, and

WWW.JASRET.COM 83



http://www.ijasret.com/

|| Volume 2 || Issue 4 | | OCTOBER 2017 | ISSN (Online) 2456-0774
%?ﬁ INTERNATIONAL JOURNAL OF ADVANCE SCIENTIFIC RESEARCH
AND ENGINEERING TRENDS

arithmetic structures. By studying prime numbers, arithmetic invariants, and associated
structures, researchers can gain further insights into the problem. Computational methods play
a crucial role in exploring the inverse Galois problem. Developing algorithms and tools for
constructive recognition, analyzing data from specific families of groups, and refining existing
algorithms can advance our understanding of the problem and potentially lead to new
discoveries.

Furthermore, exploring connections between the inverse Galois problem and other areas of
mathematics, such as representation theory, modular forms, algebraic topology, and algebraic
combinatorics, can provide fresh insights and approaches to tackle the problem. The structural
characteristics and representation of groups arising from the inverse Galois problem continue
to be subjects of active research. By further investigating constructive approaches,
parametrizations, cohomological techniques, arithmetic aspects, computational methods, and
interdisciplinary connections, mathematicians can make significant strides toward solving this
important problem and advancing our understanding of the deep connections between group
theory, algebraic geometry, and number theory.
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